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THE DISTRIBUTION OF RESIDUE CLASSES ＭＯＩ)ＵＬＯａ
　　　　　　INAN ALGEBRAIC NUMBER FIELD
　　　By
Shigeki Eg AMI
　　Let Ｋ be an algebraic number field of degree n and Dk the ring ofintegers
of瓦　It is easily seen that for every integral ideal a of /C and residue class ﾒ1
of DA'/a
　　　　　　　　　　　　　　rainiyVが刈くc(K)Nが　　　　　　　　　　　　　　(1)
where c(九万),and in what follows ど(瓦)バ″(A'),…,are constants depending　only
ｏｎ瓦　An explicit estimate for ぺＫ)ｗａs obtained by Ｈ. Davenport[1]。In this
paper we will show that for some “large number” of ideals a and“almost a11”
its residue classes A, the estimate (1) can considerably be strengthend if 瓦has
infinitely many units。For any λ＞Ｏand any integral ideal a we define ａsubset
£(λ；a)of敗/a by
　　　　　　　　　　£(λ；(l)＝しiGDA'/a； min にＶパ|＜λＮμ}.
The natural density of ａ set 豆)of rational primes is defined as usual by
(2)
　　　　　　　　　　　　　　　　　　　　　　　　yごπ(ズ)
whereπ{x) denotes the number of primes not exceeding ｘ。Then we can state
our
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　　For the proof of Theorem we show first an ergodic theorem for an auto-
morphism of ａ vector space, which contains as ａ special case ａ theorem of Ａ｡Ｇ。
Postnikov [2].
　　Let p be ａ rational prime, 几パhe finite field with　p elements, and　V ―r
p.
Every element of Ｆ can be represented by ａ vector （JI，…，ハ），石⊆Ｚ,0≦心くか
（Ｚ denotes the set of all rational integers.) An automorphism T of　Ｆ is given
　　　　　　　　　　　-　　　　-　　　　　　　　　　　　-by an 71×7z matrix {tij} with tij(EF≒nsuch that　det　Gj≒Ｏ　in　Ｆｐ.　へVe　define
“the minimal period t(T) of T”by
　　　　　　　　　　　　　　r(T)=min min {v>0; T^x=x} ,
　　　　　　　　　　　　　　　　　碧y
and put for real numbers δ1ド‥，恥ｗith O＜ら＜１
　　　　　　　　　召(<5i,…，恥)＝{(ズ1，…，心)∈ド;Ｏ≦句く[ら♪]}
where[zz]the largest integer not exceeding ａ real number Ｍ
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so that {φ。(ｘ)}ｔＥパsthe character group of F。Thus the function
　　　　　　　　　　　　　　　　　　　　　　　1　ズ日Ｓ/(ｘ)＝｜
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can be expressed as the finiteFourier series
We have
where　T' is
uniqueness of
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the transposed matrix of T. SinｃｅＴＳ=s, it follows from the
the expansion (4) that
　　　　　　　　　　　　　　　　　　　　　　dm― 0-mT' ―０-ｍ.Ｔ’Ｖ－‥･。
Sinｃｅ ｍＴり≒m for a11 撰≒Ｏ and Ｏくｐくt{T), we obtain from
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which proves Lemma.
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　　　　　　　　　　　　　　　rCD-lＰＲｏｏＦ。Put Ｓ＝ Ｕ　Ｔ勺ｃｏ in Lemma。
　　　　　　　　　　　　　　　　ン=0
　　　Proof of Theorem, Letω1，･‥，ω7z be an integral bases of K and ｓ　be ａ
torsion-free unit of K. Then through the expressions
£ft)i= 1回りωj（fニニ1、…、ｎ）
　　　J゛1
　　　　　　　　　　　　　　　　　　　　　　－ｓ defines the matrix {ら}.　Denoting by tii the residue class mod p of tinwe
　　　　　　　　　　　　　　-get an automorphism Ｔ＝{ら}of the vector space 匈/(鈴　We identify 膀/(♪)
and Ｆ by the correspondence
　　　　　　　　　(ズ1ド‥，八)←→石ω1＋…＋Ｘｎ（ｉ)ｎ ，0≦杓くか
Put　Ｓ＝匈/(夕)＼£(λ；(♪))。It is easily　seen　that　7S＝Ｓ.Ｆｕｎｈｅrｍｏrｅ　there
exists ａ δ＞O such that Sn召(Jｙ‥，J)＝φsince, by the inequality (1),召(δ，…，δ)
⊂£(λ; {P)) for every か　Then it follows from Lemma that
‰/(ヵ)＼£(λ;(♪))レ＼s＼=o
（ ダ(log /)＋2戸
一一一一　　ｒげ)
）
where the 0-symbol depends only on λand the field瓦　Now we define the set
２ of rationalprimes by
　　　　　　　　　　　　　豆'={p: r{T)≧log27９1力}
so that foｒ彭Ξ９
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It remains only to prove that the natural density of ？is l or equivalently
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where夕runs through rationalprimes。Note firstthat
　　　　　　　　　　　　　　　TiT)=minT.{£),
where
　　　　　　　　　　　擢ｓ)＝ｍｉｎ佃＞Ｏ；ぴ≡1(mod p)}.
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